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NOTATIONS 


Kon-dimensional term representing deflection. 
Width of the pile. 

Modulus of rigidity of the pile. 

Coefficient of subgrade reaction. 

Maximum value of k at the lower end of the pile* 
Length of the pile. 

Moment 

Ratio of stress in the soil at the top to 
that at the bottom of the pile as used in 
chapter v. 

Stiffness factor as used in chapter iv. 

Mass ratio. 

Mass per unit length of the pile. 

Mass of soil that takes part iti the vibrations 
along with the pile. 

Shear force 

Ratio between coefficient of horizontal sub- 
grade reaction and depth below surface. 

/^ny real positive qgantity greater or less 
than unity. 

Constant of horizontal subgrade reaction. 

Static lateral load. 

Dynamic lateral load. 

Pressure per unit length. 

Yield stress of the scolI . 


Load ratio . 



T 


Relative stiffness factor* 


T(p - Time factor. 

X £)istarice along the length of pile* 

- Depth of the point at which the soli behaviour 
changes from plastic to elastic* 

y 'o Defleetiori of the pile* 

y i - Deflection of the top of the pile in the 

elasto-plastic case. 

y 2 *4 Deflection of the bottom of the pile in the 
elasto-plasttc case, 

Z - Non-dimensional factor. 


Zf^axT* Maximum value of Z, 

Tq - Stiffness ratio as used in chapter III, 

r — Stiffness ratio as used in chapter IV, 

- The ratio of Zj_ to Z^ax^ ^1 heing the depth 
at which the soil behaviour changes from 
plastic to elastic as used in chapter IV, 

Poisson's ratio of the soil. 

€~ - Stress. 


€* - Strain, 

{jb - Frequency of the forced vibration. 



CHAPTER I 


INTRODUCTION 

1.1 GENERAL ; 

The purpose «?£ piles is to transfer the 
leads from a footing to a soil that can carry such 
loads with settlements not exceeding the permissi- 
ble values c Piles have been used even from very early 
times to support structures , Timber piles were used 
sire e they were abundant and the labour was also 
cheap. As many number of piles as the ground would 
take were driven since che behaviour of the piles 
was not known. Later with the advances in various 
fields/ new materials/ and new methods of design 
have been arrived at. 

The piles were mainly designed to carry ver- 
tical loads that come fromi the superstructure. The 
analysis of foundation for carrying vertical loads 
follows a conventional procedure but the analysis 
for lateral loads poses a complex problem. When the 
lateral force coming on the vertical piles is of 
smaller magnitude, no provision is mtade and when 
it exceeds the allowable amount batter piles are 
generally resorted to (40) . The modem codes specify 
the minimum lateral capacity required of the piles. 



The Calxfornia Building Code specifies it as 2CS4 of 
the axial load (42) , The allowable horizontal load 
on vertical piles a given by Mcnulty (20) is shown 
in table I, Generally batter piles are provided when 
the lateral load exceeds 1000 Ib/pile (40) * But the 
driving cost is prohibitively high, 

1.2 lateral LOADS ; 

> J-' 

' hater loads can be grouped under three head- 

ings: 

(a) Short term static loads 

(b) Long term static loads 

(c) Dynamic loads, 

'5^The lateral loads can be caused by the lateral 
earth pressure, wind forces, water forces, ship impact, 
traction forces from automobiles or trains v^o when 

s» 

the piles are used as supports for retaining walls, 
bridge abutments, p'ers fenders, dolphins, anchors 
for bulkheads and waterfront and off-shore structures* 

The literature pertinent to the problems ana— , 
lyzed has been reviewed in chapter XI, Specifically 
various studies on coefficient of subgrade reaction j 
have been critically examined^ 

1.3 DYNAlilC LATLRAL LOADS . 

f These may be caused by earth(Tuakes, wave action ^ 



and also by the water current pressure. Tjhen piles 
are used as supports to some the machine found- 
ations, they may be subjected to horizontal dynamic 
loads . 

v/ The dynamic response of a pile loaded late- 
rally at the nop by a harmonic loading is analyzed- ' 
in chapter III . ’‘The masses of the pile and a certain 
amount of soil participating in the vibrations, are 
included in the solution 
1.4 SOIL - PILJu. InTLRACTIOh ; 

Both the flexural and axial stresses have to . 
be considered for the design of the piles. The bending 
stresses being the major factor, has to be predicted 
to the correct values. So the interaction between 
the soil and the pile is to be carefully analysed 
when the lateral lend is acting. Since this problem 
deals with the soil as <iell as the pile, a knowledge 
of the behaviour of both is necessary. 

j The soil characteristics are to be found 
first and later the behaviour of the pile in action 
with the soil IS to be studied to find the flexural 
stresses in the pile. The soil is not perfectly 
ela-tic at all strains. At small strains it behaves 
elastically and at large strains it behaves inelasti— 
cally and the problem is further complicated to analyse 



when the soil behaves inelastically . So in the 
vicinity of the pile, when it is strained to a 
larger extent it is in the inelastic range and 
it is more so at th'. top of the pile* 

Also the deflections are linear with the 
load upto ig to 1/3 of the ultimate lateral load. 
At higher lead levels nonlinearity holds good and 
when the deflection is about 2C% of the lateral 


dimension of the pile the nonlinearity comes into 
the picture (5) , 


fShaptep IV discusses' the pile response due 

4 ' 

to lateral loads, in a soil that is characterized 

Z'* j. h t 

by elasto-plastic behaviour. ^This problem has been 
analyzed and discussed in detail. Closed fom solu- 


tions are given for piles ^hat are hinged or fixed 


at the bottom. 

{ Lastly, in chapter v)' 'Expressions are derived 

V 

far vertical stresses in an elasoic soil due to the 
action of a short (rigid) oiler^he thesis ends with 
a list of references (.I 



TABLE I 


/.LLOWaBLE horizontal LO7J0 ON VERTICJiL PILES 
(for h" lateral movement) 


Type of pile X Pile head X Type of soil X Allowable 
X X X load Ib/pi le 


Timber 

Free end 

Sand 


1500 



Medium 

clay 

1500 


Fixed end 

Sand 


4500 



Medium 

clay 

4000 

Concrete 

(16'V) 

Free end 

Medium 

sand 

7000 


or fixed end 

Fine sand 

5500 


Medium clay 


5000 



CHAPTER II 


LITERAPURE REVIEW 

2 ,1 3TATIC SOIL MODULUS ; 

Tho behaviour of the pile mainly depends upon 
the interaction between the soil and bhe pile as exp- 
lained. So before determining the actual behaviour of 
the pile it is necessary to know the soil properties 
that affect the behaviour. One such property is the 
soil modulus. 

Modulus of subgrade reaction is usually defin- 
ed as the pressure required per unit deformation calc- 
ulated at 0.05" of deformation. Terzaghi named it as 
the "coefficient of subgrade reaction", /-iccording to 
Terzaghi (3 5) it indicates the pressure per unit area 
of the surface of contact botv/een a loaded beam or 
slab and the subgrado on which it rests and on to 
which it transfers the loads. In other-words it is 
the ratio between the pressure at any given point 
of the surface of contact and the settlement prod- 
uced by the load application at that point. 


where, k - coefficient of subgrade reaction 
or soil modulus, 
p - pressure per unit iength- 
y - deflection. 



In the analysis of laterally loaded piles, 
k is usually express as a function of the depth of 
the pile. 

k = K (2,2) 

h 

where, x - depth along the pile 
L - length of the pile 

For stiff clays K is constant and for sands it is 
linearly varying. So in the Eqn. (2.2), the value of 
’n' IS zero for clays ant is equal to one for sands. 
For any other type of soil, a suitable value of n 
can bo chosen between zero and one. Fig. (2.1) shows 
the variation of k with depth for different types of 
soil (43) . 

For stiff clay the coefficient of horizontal 
subgrade reaction has the same value as that of the 
vertical subgradc reactioii. For cohesionless subgra- 
des the value of thii coefficient of horizontal subgra- 
de reaction is determined by 

k = ra^ X . . (2.3) 

where, is assumed to be the same for every point 

of the surface of contact (3 5) . 

Broms (7) has defined it as 

k = ri - (2.4) 

^ B 

where, 'n^^' is a constant which varies with the 



relative density of the soil an^' the location of 
the water tahlc , 'B' is the width of the pile. 

So it is ob’tioys that k increases with depth and 
decreases linearly with the width. 

In normally consolidated clays k varies 
linearly with depth and in the over consolidated 
clays k remains constant (5,13) Reeves (46) Indi-* 
Gated that tte average of a linearly varying soil 
modulus should be 1/3 the modulus at the bottom 
of the pile. 

According to Kubo's study (19), the value 
of k remains practically constant for a width grea- 
ter than 2o cm. The soil modulus k varied widely 
not only with depth but also with deflection (12) . 

For varying loads k is not constant at any given 
depth . 

When the lateral load is increased, the 
reaction of the soil first increases, reaches a 
maximum, and then d.-creases. Simultaneously the 
deflection decreases. So k ultimately decreases as 
the load increases. 

Chang (8) assumed tha soil as an elastic 
medium and gave the relationship as per Eqn, (2.1). 

Hayashi et al,, (15) carried out many field 
tests on full scale, prototype piles and investigated 
the characteristics of a horizontal surface reaction. 



As a conclusion they obtained the is-lationship bet- 
\jecn p and y ns 

p = k B y°*^ (2.5) 

Glasser (2) predicted that "it is quite 
possible that soil modulus can vary as some power 
of tha depth or som^ funcuion of the deflection, 

Rifaat (3 6) also conceive J the ids a that the soil 
modulus IS a function of the depth along the pile, 
Siva Roadd^^ and Valsangkar (33) have assumed the 
k to be of th'- fo 3 nn 

k = k^ + kj_ (2.6) 

Shinikara (47) and Kubo (48) showed that the 
results of many systematic model tests lead to the 
relationship 

-o 0 • 5 (7 1 ) 

p=kBxy n 

Ripperqer in his discussion (12) defines it 
as the secant of one of the load deflection curves. 
Also he adds that for a perfectly elastic soil the 
modulus for a given pil'^ anu a given soil would be 
sinjlo valued but for an inelastic soil there would 
an infinite number of modulii. The definition in 
the case of an inelastic soil is made some what more 
significant by considering the modulus at an arbitr- 
arily chosen deflection. 

No unique value can be atuributed for a 
given soil. The pil^- deflection varies with the pile 



size, the oile stiffness, the magnitude of the load, 
and the manner of load application, the clastic pro- 
perties of the soil and hence the modulus will also 
vary with these factors. Therefore the soil modulus 
exists only as a mathematically convenient expressi^ 
on for nhw ratio of the soil reaction to pile defl- 
ection . 

2 .2 DYNAMIC SOIL MODJLUS - 

Repetitive loads dt^icrcase th£ soil modulus (5) 
Gaul (13) also has assumed a constant soil modulus 
in the case of the dynamically laterally loaded pile 
for the soil used i.e. the montmorillonite rich ben- 
tonite and concluded from rhe experiments that the 
dyn.omic soil modulus differs from the static one by 
less than 0.1%. 

Finally it may be said that it is unnecessary 
to determine thv. soil modulus very accurately because 
a large variation in it will produce only a small 
difference in the v^lue where 

= '''^k/4~E (2.8) 

E - young's modulus of the pile 
I - morriGnt of Inertia of the pile* 

2.3 ST/.TIC lateral l,0I-^ _ „ 

The settlement of piles under vertical loads 
during driving was observed for the first time by 




Personet in eighteenth century. The lead displacement 
of the piles loaded laterally was observed for the 
first time by Sandeman in 1880. 

Fcagin (41) conducted some lateral load tests 
on single and on group of piles of timber and concrete 
to dv-termine their resistance. He concluded that for 
less than 6.5 tons of load p^-r pile the group effect 
IS not folt on the deflection and for higher loads 
the deflection appears to be less for the smaller 
group and also that the stability increases in the 
case when the pile is carrying vertical loads . The 
d--;flection was found to increase in the case of rep- 
etitive loading than in the case of the sustained 
load. 

Chang (8) has given the analytical solution 
for th. static lateral loading. Assuming the pile 
analogous to th^- b.am on elastic foundation he sol- 
ved the equation 

,4 

L I = p (2.9) 

dx 

and gave cte solution as 

y = C e r (cosgx + sin^x) . . (2.1o) 

and the constant is to be found by using the bound- 


ary conditions . 



Cummings (8) assumed a power senes for 
the deflected pilt- and for the soil modulus inc- 
reasing linearly with the depth of the pile. He 
determined the relationship betwe<^n the horizontal 
laid and the top deflection of the pile, 

Maccaman ut al., (2) tested the hollow piles 
loaded with static lateral loads at the top. He con- 
cluded from the results that the soil acted as an 
clastic medium when resisting the lateral forces. 

Also that the length of the pile docs net influence 
the point of occurrence of the maximum bonding 
moment. From the strain gage readings, the bending 
moment was gbtained. 

Fcagin (2) conducted load tests on groups 
of battered and vertical piles. He concluded 

(a) that the groups of battered piles combined with 
vertical piles are more resistant to lateral loads 
either against or in the direction of the batter 
than are corresponding groups of vertical piles. 

(b) that the resistance to a lateral load against 
the batter is greater under a vertical load, where- 
as for a lateral lead in the direction of the batter/ 
the resistance is substantially the same cither 
with or vvithout Vertical load. 

(c) that the resistance to latteral loads in the 
direction of the batter generally exceeds that for 



loads against the hatter tor similar pile group 
arrangements either with or without a vertical 
load and 

(d) that a group of piles battered in both directions 
IS more resistant to lateral loads than a group batt- 
ered in one direction. 

Based on the results ot model tests Tsche- 
botarioff (2) concluded ehat the resistance per pile 
to lateral leads decreases appreciably v/ith an incr- 
easing number of piles in a group. 

Wagner (2) conducted tests on individual 
timber piles and concladed that 

(a) The overdriving reduces the lateral resistance 
of a pile. 

(b) Increasing the length of a pile does not improve 
Its lateral resistance^/ provided tht pile is ombeded 
sufficiently to prevent movement in the lowtr portion. 

( c) Increasing the size oi the pile increases later- 
al rtisistance. 

Glesser (2) and Palmer and Brown (3) analyt- 
ically solv>_d the, problem by the us- of the "differ- 
ence -quitions" . Reese and Matloch (21) has given 
the generalised solutions for the laterally loaded 
piles assuming k increases with depth because of 
the. increase in soil strength. Also they have indi- 
cated that the x can be parabolic. 



Siva Reddy and Valsangkar (33) have given 
tht. generalised solutions of a laterally loaded piles 
■',’ith polynomial variation of soil modulus. They sol- 
ved the dif £>- rencial equation by the senes method. 

Davisson and Prakash ' and Broms (5,6/7) 
concluded that the pile can no longer be approximated 
as a semiinfinitely long beam v^hen the length is 
loss than about two. 

Kubo (19) carri>-d out tests on model steel 
pil^ s emboded in san-' and came out with the results 
that 

(a) Soil re action p = k x y 

(b) The effective- length of the pile is not more 

than 1.5 1 whore 1 is the depth of the first zero 

point of moment curve:. Also he has classified the 
soil into two typos. 

(i) S - typ:- soil when p - y relationship is 

0 5 

govGrn©d by the rcl itio'i p = h x y Gxa.mpl© sand 
l<ayGr of uniform dtpnsity/ noirrn’illy consclidatod clay 
iDyer . 

( ii) C - type soil wh-re p - y relationship 
IS govurn-d by p = k y'^*^ vx^^mple highly precompre- 
ssed clay liyer, 

2 . 4 DYtiAi^'iIC LATL.Rft.L DOaDS : 


Hayashi (15) vvith chc htu.lp of tho model 



pendulurrv studied the dynamic response of piles 
subject to harmonic excitation. Ho has only estim- 
<ated the vibration characteristics of the pile such 
as the relation between th^. froqu>-ncy and deflection 
for both forced and free vibrations, 

Gaul (13) performed t^sts in a dimension- 
ally soiled model of a V'-rticil pile under static 
and dynamic loads . With the help of a mechanical 
oscillator, the dynamic load was applied. Electric 
strain gauges were attached to the pile . The strain 
variations were amplified on an oscilloscope. 

Based on the analysis of the data obtained 
he conclucd that 

(a) the pile vibrates in the form of a stan- 
ding-wave which is in phaS'- with the oscillating 
load. 

(b) Damping of soil was negligible. 

(c) At relatively low frequency of load osci- 
llations, the maximum bending moment and the section 
whore it occurs are not materially different as com- 
pared with a static c'lse. 

(d) The soil modulus is constant for the 
soil used under dynamic load. 

Hayashi and Miyajima (49) performed tests on 
veirtical stev^l H piles embeded in sand and subjected 



to static and dynamic loa3s. They have conducted 
both thto fr'-.e ant the forced vibration tests, and 
measured the bending moment, th'- displacement and 
acceler'tion of the pile head. They have concluded 
that 

(a) Natural frcaucncics and response curves 
of single vertical pil- s could be calculated by Con- 
ceiving a simplified system of vibrotion and the 
results of calculations agre.^ with those obtained 
by the free and forcv.d vibration tests. 

(b) Damping coefficient measured in the free 
vibration tests depended on the relative density of 
the subgradc and on th'. length of the- free parts of 
the pile. 

Prakash and Aggarv/al ( 27 ) conducted dynamic 
tests on Aluminum model piles embaded in sand and 
using the vibration table . A proving frame was desi- 
gned to measure the frequency of vibration. His find- 
ings were 

(a) Under steady state dynamic loading the 
soil around thv. pile gets compacted initially to a 
large extent till optimum compDction is reached. 

(b) The initial static strength of a pile 
IS less than the steady stata dynamic strength. 

But after the soil gets compacted to a large degree 



the static strength is Inrger than the dynamic 
strength » 

(c) The zone of influence of a dynamically 
loaded pile extends to a considerably great distance 
than that for a statically loaded pile. 

(d) The damping of the soiVpile system is 

about 3 . 
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CHAPTER III 


DYImAMIC response oe laterally loaded pile * 

3 ,1 INTRODUCTION : 

Experimental work has been done on dynamic- 
ally laterally loaded piles by Gaul (13) and Hayashi . 
et al . , (15) , Analytical solutions have not been 
attempted os far. Here an analytical solution is 
presented, 

3 .2 FORI'^.ULATION OF THE PROBLEM ? 

Fig.(3,D) shows the pile diagramatlcally 

in which 

m = mass that is taking part in the vibrations 
= m^+ m2 

where, m^=: mass per unit length of the pile, 

mass of soil that takes part along the 
unit length of the pile. 

V = Shear force 
M = Moment 

dM,dV = small increments m bending moment, 
shear force respectively. 

P(t) = dynamic load. 

I? = frequency of the forced vibration. 
ASSUMPTIONS; 


1. Damping is negligible 



?. The soil bohives lilo- a ''Jinkler foundation. 
Considurincf an c !<■ Tn^^-'nt dx of the pile, the 
forces acting are shown in Fig. (3.1) , T/Jriting down 
the sguabions of e.gui librium. 


av 

H = 0 ; r— = -p+my+ky .... 
ax 


= 0 ; 


'dx 


V 


But M = 


E I 



dx^ 


(3.1) 
(3 .2) 


^ = - E I ‘Ty 

dx^ ’ ’’x 


(3 .3) 


Combining Eguns. (3.1), (3. 2) and (3.3), 

E I — ^ + m 2~1Y + ]<;y_p = 0 . . . (3 ,4) 

Tho pile IS not loaded along the length, 

1 ... . , pi = 0 and Equn. (3.4) reduces to 



X‘ 




+ 


El 


y = 0 


(3.5) 


Equn. (3.5) IS to be solved using the 
follov'ing boundary and initial conditions - 
CASE I ; TOP EREL /JN'O BOITOM HIuGED. 


t 


0, X 


0 ; 


d^y 

dx^ 


0 


-El — y = _ p(t) = _p ^ 

- X 

. . . (3.6) 

E T ^ = O 

3 


X 


L 



CASE 2 : 


t=0, x = OEI 




■.2 


ly = 0 




^ ^ V 


Pit) = - P G 


i i*>t 


X = L 


y = 0 




c^'X 


= 0 


(3.5) 


(3.3) Non-dimtnslonaXisation o£ fch& ectuation 


Illy 4 . '"o 

■dx^ EI :^“72 +!^Y = ° 


Expressing Equn. (3.5) in a non-dimensional form 


N r „ ‘I' 

^z4 o apV 


+ r, 


o A =0 


. (3.8) 


El y 

where, A^. = r 

j: P 


mQ = mass ratio 

_ m 'j'4 
“ ii 


= stiffness ratio 



z = 


X 


T 


T = / 

'v 

t 


/i 


V ’^h 


= relative stiffiness factor. 


t' = 


T, 


To= Time factor 

The boundary and initial conditions can be 
written as 
CASE I ; 

z = o 


2 


'A. 


:y = O 


uZ‘ 


i' Z^ 

2a 

^ " ^ax ° 


= - e' 


iu>t ' 


(3 .9) 


:jA. 
<' Z' 


y _ 


CASE 2 


Z = 0 


c Z' 


;y = 0 


c' ^A. 


c.Z' 


y ^ _ 3I ui t 


z = 


^ax 


Ay = o 


^ A. 


y 


= o 


DZ 


. (3.10) 


(3.4) Solution : 

Solving Equation (3.5) by variable seperable 


method/ 



Lcjt Ay = ^ iz) 


i t ‘ 


(3.11) 


e 


Substituting Equation (3.11) in Equation (3.5) and 
cancelling throughout, 

■ u.)^s6{Z) + Tq ^(Z) = 0 

dz4 

,4 . 

7 + ( r^” ^(z) = 0 

dZ^ 

^iz) = A Sin z Sinh / ’ Z + B Sin B Z Cosh|=>Z 

+ c CosB z Sinh (3 Z + D Coshpz Cos pZ 

.... (3.12) 


A = (A Sinp'Z SinhjBZ + B SinpZ Coshp Z 

+ G Cosjt Z SinhpZ + D CospZ Cosh|5,Z)e 

. . . (3.13) 


where /i = /r^-mQuS^ 

V '4 

Using the boundary conditions the following 
symultaneous equations are arrived at- 
CASE I ; A = 0 . . (3 .13) 

2 B - 2 C = - 1/p ^ .... (3.15) 

B Cos Sinh - C Sin Cosh f]_ 

- D Sin f]_ Sinh = 0 ... (3.16) 


B(Cos £]_ Cosh f]_~ Sin f]_ Sinh f]_) 

+C(- Cos Cosh - Sin £]_ Sinh f-^) 

+D(- Cos f2_ Sinh fi - Sin £]_ Cosh £i) = 0 

. . (3.17) 



Case 2 : : 

A = 0 (3.18) 

23 — 2C=— 1/ .3^ • • * • * (3*19) 

( 

B(Sin f-]_ Josh fj + C Cos Sinh f]_ 

+ D Cos f]_ Cosh f 2 _ = O ... (3,20) 

B(Cos f]_ Cosh f]_ + Sin f 2 _ Sinh £]_) 

+ C(- Sin fi Sin ± 1 + Cos f 2 _ Cosh f^) 

+ D(- Sin f]_ Cosh f]_ + Cos f]_ Sinh f^) = O 

, . (3.21) 


whore fi = |r Z^ax 

The equations arc solved by the matrix inver- 
sion rri'-thod and the values of the constants are arri- 
ved at. The deflection, bending moment shear force, 
and soil pressure are celculatod for various values 

of iu_, r , Z and'J and the results are given in 
O' o max 

Figs. (3.1) to (3.4), 

3.5 DISCUSSION OF RESULTS USD CONCLUSION - 

The variation of deflection, bending moment, 
shear force and soil pressure along the length are 
seen clearly from Fig. (3.1) to (3.4) for cases ( l) 
and (2) . VJhen and m^ and r^ are varied the above 
quantities vary by only a small extent since the 
value of [' which is equal to \4/ r^ - not 



much affected by the variations in m and and as 
IS implied in the pseudo-static approach, the behaviour 
of the pile in the dynamic case is very similar to its 
behaviour under static conditions. Large values of m^ 
and v>Q would be causing considerable difference in the 
magnitude of the oile characteristics. Alternately an 
equivalent coefficient of subgrade reaction r^g can be 
defined as 

rgg = Uq - mQ (3.22) 

Eqn. (3.22) implies that the dynamic behaviour 
of the pile with Iq, and « is equivalent to the 
static behaviour of the pile with r^g. Hence the 
dynamic behaviour of a laterally loaded pile can be 
predicted by an equivalent statically loaded pile. 
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CHAPTER IV 


LATERALLY LOADED PILE IN ELASTO-PLASTIC SOIL 

4,1 INTRODUCTION' 

Very often xn analytical solutions the soil 
IS assumed to behave elastically under lateral load- 
ing. But in most cases it is more likely chat atleast 
the soil in the top few feet will be in the plastic 
range due to the large deflections at the top of the 
pile. An analysis is presented for the case where 
the soil behaves as an elasto-plastic material. 

The stress-strain behaviour of a soil is 
generally non-linear and is commonly described by 
a hyperbolic (curve (a) Fig. 4.1) nype of stress- 
strain response (Kondan, 1963) . The actual relat- 
ionship unfortunately can non be included in rigo- 
rously solving for the response of a pile in such 
a soil. It IS felt reasonable to idealise the beh- 
aviour by the cuin/e (b) in Fig. (4.1) . The ideali- 
sed curve consists of a linear part upto a stress 
level q, wherein the ratio of stress to strain or 
to the displacement is a constant leading to Winkler 
type -f foundation. The soil can not take up stress 
higher than q ana will plastically flow. The total 
behaviour can be described as elasto-plastic. Mathe- 
matically curve (b) of Fig. (4.1) can be expressed as 



or ~ 

= ky 

or ^ 

V 

1 

J 

if 

y 

q/k 

and = q 


if 

Y ^ 

q/k 


where K’ is the modulus of defonmation^ k is the 
coefficient of suhgrade reaction/ y is displacem- 
ent/ 6 is strain, -r- - stress and q - the yield 
stress or Ultimate strength of the soil, 

4»2 FORMULATION OF THE PROBLEM ; 

Considering the pile as a beam on elastic 
foundation as explained before, the basic differ- 
ential equation governing the deflection can be 
written as 

El — =;„p ,.,.,.(4,1) 

dx^ 

Here the soil pc essure p is that at the limiting 
stage for the top portion and is denoted as *q‘ 
and that for the bottom portion, it is ky where 
k is assumed to be constant throughout the length 
of the pile 


El Yl _ 

dx^ 

- q 

in 


* • (4 >.2) 

d^Y9 

El ^2 _ 

dx"^ 

- ky 

in 


. . (4.3) 


where x^ is the point at which the soil behaviour 



changes from plastic to clastic^ yl and y2 are the 
deflections in the cop end bottom portions respec- 
tively. 

iNow equation (4,2) and (4.3) are to be 
solved to get the solunons vath the help of the 
boundary conditions . The boundary conditions cons- 
idered here arc: 


CASE 1 TOP FREi, Ai4D BOTTOM HIBGED. 


x-0 Bending Moment = 0 i.c. El 


dx^ 


O 


Shear Force 


x=L _ Bending Moment 
Shear Fore-- 


-P 1.0. 


-El 



-P 


0 1 . e 

0 1 .e . 




(4.4) 

0 

0 


For continuity of deflection, slope, bonding 
moment (B.Ii.) an-l sheer force (S.E.) of the pile at 
X = X2_, four mor-^ co editions are arrived at. 


CASE 2 : TOP FF^EE AiO BOTFOiM -IXEJ. 


x=0 B.M. = O 1 . 0 . = 0 

dx 


d^vl _ 


S.F. = 0 i.c .'El 

dx'’ 

X = L Deflection=0 i.e. y2 = O 

dy2_ 


(4.5) 


Slope 


=0 1 , e . 


dx 


O 



As in Case 1, the four additional continuiuY cond- 
itions are got . 

4.3 dOK-DIMENTIOLIAL A N ALYSIS ; 

The equations can he reduced to a non-dim- 
ensional form by the principle of dimensional ana- 
lysis between the different variables of the later- 
ally loaded pile. The variables involved in this 
problem are x, El, P, y, q and T, So the 

non-dimonsional solution can be expressed as 

I = f (x, L, k, T, El) 

P 


There are six variables and length and 
force are the only two dimensions. By using the 

Buckingham H theorem the non-dimensional terms 

. ^ X. X L kT^ , qT 

are arrived at as — •rr, and ^ are the 

non-dimensional terms. The first four non-dimensi- 
onal terms were given by Reese ana Matlock. They 
denoted the first three terms as Z and 

respectively. 

Using these non-dimonsional terms, the 
equations (4.2) and (4,3) can be non-dimcnsional- 


ised as follows: 

^ + 3 _ 

dx" El 


in O c^-x ^ 


pp3 ^ 

El ^ 


d^A 

dz^ 


yl 


q 

El 


y 

= 0 since A^=: ^ 

y P rn3 





Denoting 


by ' m ' 




= 0 in O^zs: c<Z ^ ^ ^ (4^5) 


where <xs the ratio ot to Z bain ■ the 

depth ab which the soil behaviour changes from 

plastic to elasoic. 

d\2 ,)££l _ . 

dx 

PT^ Pt3 ^ ^ 

El T'^ El El y2 




= O 


Denobing 


k t4 


' r ' 
^O ^ 


+ >^0 \2 


0 in C< 2 s __ .(4_7) 


Nondimentionalising the boundary conditions. 


CASE 1 


,=o E2!^ = o 

dx^ 


. 3=0' £_^1 = O 
d32 


"3“^ = —P 1 „ e . —El 

dx^ 




'i Ayl _ £ = 


where Pi. is the ultimate load in the case of 
the hinged bottom pil'^s and R is the load 


ratio . 


. . (4.4.1) 



X-L. 


Ci-^SE 2 


= 0 i.c. Z 

dx'^ 
d^v2 


z. 


dx3 


= 0 X . o . 


'TP ax 


. 

dz2 

-,3? 

-,2/2 _ Q 

dZ" 


z=o 


d^-A 


dz 


=0 


d^A 


_ 


R 


(4.5.1) 


Z=Z 


max Ay2 = 

^2 . 
dZ 


0 


0 


The Equations (4.6) and (4.7) are to be 
solved by using the boundaiy conditions (4.4,1) and 
(4.5.1) 


4.4 SOLUTIO: 


( l) Plastic Region : 
,4- 


d' 


dZ^" 

d^A 


-yi =. 


Z.1 


dZ^ 


- f z + 


,^,...^-1 = _ lIlzL + c, z 

dZ^ 2 


■+• C 


(4.8.4) 

. (4,8.3) 

. (4.8.2) 


dA, 


= _ 


m 


+ Cl — +C2 Z+C3 


6 


(4,8.1) 



Z^i ^3 

T7 + 6 


3 — + C- Z + C.* • (4.8) 

/ 2 3 4 


(3) Ela£ 


icaif'^n: 


•!#• rr ^ O r= O 

dz^ ^ 


A „ = A Sin fi Siiih f, + B Sin fi Cosh fi 
y2 1 1 ^ j- 

+C Cos 2i Sinh fjL + D Cos fi Cosh 


. . (4.9) 


vliere f. = B Z s_nd 


=^^fA(Cos fi Sinh + Sin fi Cosh f]_) 

+ B(Cos fi Cosh + Sin £]_ Sinh f;],) 

+ C(-Sin Sinh f;j_+ Cos f|_ Cosh f]_) 

+ D(-Sin fj^ Cosh fi+ Cos f]_ Sinh *!>] 


( .4.9.1) 


^rA(2 Cos f 3 _ Cosh f;j_) + B(2 Cos ^mh 
4C(-2 Sin ± 2 . ‘^osh f ]_) + D(-2 Sin fi 

Sinh fi)J » » » ♦ (4.9.2) 

=P[AC2 Cos f 2 _ Sinh fi - 2 Sin f]_ Cosh fi) 

+ B(2 Cos £x Cosh - 2 Sin fy Sinh f^) 

+ C(-2Cos £^ Cosh f;j_ - 2 Sin Sinh f;j_) 

4- D(-2Cos £]_ Sinh £]_ - 2 Sin £^ Cosh £^)j 


. . (4.9.3) 



where A, C, D, C^, 


4 


are constants 


to evaluated ana the value of R i.e. P/P^ is to 
be given. Since eight conditions are available^ eight 
constants can be evaluated. The value of ^ is depen- 
dent on the appliea force at rhe top. However solving 
for e?C given P-j-^ R is difficult xf not impossible. Here 
■chc valxic of R is arrived at by assuming the value of 
and taking into account one moro condition that the 
soil pressures at a deprh Z m both the plastic 

and clastic regions are equal. 

The following are the C'guat ions full filling all 
the nina conditions ; 


Case 


TOP FREE AUD BO'fTOb HINGtD: 


= R (4.10.1) 

02=0 (4.10.2) 

A(Cos f.2 C^osh ± 2 ) ® ^2 ^2 

+ C(-Sin f 2 Cosh f 2 ) + D(-Sin f 2 Sinh f 2 ) = 0 

(4.10.3) 


A(Coc f? Sinh f 2 - Sin £2 Cosh £ 2 ) 

B(Cos £2 Cosh £2 — Sin £2 Sinh £ 2 ) 

+ C(-Cos £2 Cosh £2 - Sin £2 Sinh £ 2 ) 

+ D(-Cos £2 Sinh £2 — Sin £2 Cosh £ 2 ) =0 

...... (4.10.4) 



4 - ^3 

^ ^ax r' “^ax 
~ 24 1 6 


+ C4 = A Sin Sinh 
4- C Cos f3 


C >2 

-2- ^ax + Co ^max 
2 

+ B Sin f3 Cosh f3 
Sinh £3+0 Cos £3 Cosh 


f 


3 


. . • ( 4 . 10 • 5) 


where = ^s/i 2^ax 

~ mA Zpi /3 + C^'<2^/2 + C^'Z|^ + C3 

= /oIA(Cos £3 Sinh £3 + Sin £3 Cosh £3) 

+ B(Cos £3 Cosh £3 + Sin Sinh £3) 

+ C(“Sin £3 Sinh £3+ Cos £3 Cosh £3) 

+ D(-Sin £3 Cosh £3+ Cos £3 Sinh £3)} 

. . . ( 4 . 10 . 6 ) 


whore - Bj^ax 

_ mlzl /2 + ejiz^ + C2 

J2L^ 

= /^[a (2 Cos £3 Cosh £3) + B (2 Cos £3 Sinh £3) 

+ C (-2 SiB f^Coah f^) + D(- 2 Sin Sinh £3)”^ 

. . . ( 4 . 10 . 7 ) 

- mKZjn + C^ = /^A (2 Cos £3 Sinh £3-2 Sin £3 Cosh % 
+ B (2 Cos £3 Cosh £3-2 Sin £3 Sinh £3) 

+ C(- 2 Cos £3 Cesh £3-2 Sin £3 Sinh £3) 

+ D(- 2 Cos £3 Sinh £3-2 Sin £3 Cosh £3)? 


. . ( 4 . 10 . 8 ) 



A Siti £3 Sinh + B Sin Cosh £3 
+ C Cos £3 Sinh £3+0 Cos £3 Cosh £3 

i I t 

Case 2 TOP FREE A^D BOTTOh i^I>vED ; 

Ei^ations (4.10.3) and (4,10.4) \?ill only 
differ while the otheis remain the same. 

A Sin £3 Sinh £3+3 Sin £3 Gosh £3 
+ C Cos £3 Sinh £3+0 Cos £3 Cosh £3=0 

. . . (4.10.3.1) 

A(Cos £3 Sinh £3 + Sin £3 Cosh £3) 

+ B(Cos £3 Cosh £3 + Sin £3 Sinh £3) 

+ C(-Sin £381^1 £3 + Cos £3 Cosh £3) 

+ D(-Sin f^Cosh £3 + Cos £3 Sinh £3) = 0 

. . . ( 4 , 10 ,4,1) 

The simultaneous ecpiations are solved by 
the matrix inversion method enf5 all the values of 
tho constants are arrived ar. The values o£ defle- 
ction, the value of M/PT, the Shear Force factor. 

V/P and the soil pressure are got by substituting 
these constants in the corres oonding equations. 

The variables that are involved in these 
cquarions are m, , r^ and The solutions 



a 


are got for different values of these variables 4 
I’he effect of these variables are clearly seen 
from bhc graiohc drawh 4 

Vliiefi ^ 2 , the pile is called 

short pile and when 2 j^a.x ^ named as a 

long Dilc, Graphs are drawn separately for long and 
short piles for oases (1) and (2). Figs. (4.2) to 
( 4 , 12 ) represent results for case (l) and (4.13) to 
( 4 . 22 ) represent those for case (2) . 

4.5 DISCUSSION OF RESULTS; 

From Figs (4,2) and (4.3)^ it is evident that 
the short pile is one which behaves like a rigid 
pile and chc long pile is one wherein the behaviour 
IS as that of a flexible pile. 

In cas^ (1) as increases, the deflec- 

tion for the same load ratio F/P^ decreases and 
this is just the reverse for nhe case (2) as seen 
in Figs. (4.4) and (4,15) . 

In case ( 1 ) for both short and long piles 
bhe deflection when m = 0.2 is tv/ice its value when 
m = 0.5. The behaviour of the long fixed piles is 
similar to ohat of long hjngod piles while different 
values of m' do not cause significant changes in the 
load deflection relation of short fixed piles as 
seen in Figs. (4,5) and (4,16) . 



In case Cl) / the dcflcccion is nearly 
halved when chanties frofr 0,2 to 0,5 as showh 
in Tigs. (4,6) and ( j:, 17) , In the dase of short 

tho ahnnig® in is sorri'twhttt graatur 

than that in long piles. The long piles in case (2) 
behave in a similar manner. 'rQ* has little effect 
on deflection in the case of short fixed piles. 

In case (2), th^ deflection of short piles 
IS many times lesser than that in case ( l) as seen 
in Fig. (4.7) . In the long piles though different 
boundary conditions are used at the bottom, deflec- 
tions are of the same ‘order in thc’twot aeu59S\^ 

In the case of piles ;/ith hinged bottom^ 

4 

the deflections along the length decrease as 
increases and in the case of piles with fixed 
bottom, the deflections along the length increase 
as increases, as seen in Figs, (4.8) and 

(4.18) . 

As ^ increases the deflection and bending 
moment increase in cases ( l) and (2) as shown in 
Figs. (4.9), (4,19) and Figs. (4,12) and (4,22) 
respectively . 

In cases ( l) and (2). the deflection decre- 
ases along the length when r^ increases. as seen 
in Figs. (4,10) and (4.20) , 



As ’m*’ increases the deflections increase in 
both cases along the depth as se^n in Figs. (4,11) 


and (4,21) . 

4.6 COHGLUSION : 

With the solutions developed in this chapter, 
the response of a laterally loaded pile in an elasto- 
plastic soil IS presented. The effects of different 
parameters like the stiffness (k or rQ) and the 
yield stress (q or m) of the soil, the length of 
the pile (Zj^a.x) ^td the depth of the plastic 
zone ( the load deflection relation, 
the deflection at the top and the moment along 
the length of the pile arc studied. The analysis 
has been carried out for piles hinged or fixed 


at the bottom 
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Chapter V 


STRESSES iij Boil due to lateral pile loadinq 


6 .1 I 


Experimental and theoratical studies (2^3) 
have been extensively carried out to find the resp- 
onse of a pile to lateral loads acting at the top 
of the pile. Geddes (44) ha« derived equations for 
stresses in the foundacion soils due to vertical 
sub-surface leading. Here an attempt has been made 
to find the stresses in the soil around the pile 
when the pile is subjected to a lateral sub-surface 
loading assuming the soil to be homogeneous/ isot- 
ropiC/ elastic medium obeying Hook's law, 

5.2 FORMULATION OE THE PR03LEM 

Mindlin (45) obtained a set of equations 
giving the stresses due to a force applied parallel 
to the boundary below the surface of a semi-infinite 
medium. These equations are used in solving this 
problem. 

According no Mmdlin the vertical stress 
at a point defined by the rectangular co-ordinates 
(x/ y, z) / IS given by 




where, = x^+(z - u) ^ 

+ (z+u) ^ 

2 

.Lk s= Poisson's ratio 

P = aoplied load 

u = the depth of dP below the surface of 
medium as given in Fig. (5.1) . 

The response of a short pile is similar to 
that of a rigid pile (chapter IV) . The deflections 
of and pressure along the pile vary linearly with 
depth. Hence a linear load distribution is consid- 
ered in the present analysis and is shown in 
Fig. (5.1(b)) . It IS defined by 

dP = q du = (q 2 -q]_) u/L+q^] du . . . (5.1.1) 

where, q^,q 2 =induced stresses in the soil at the top 
and bottom of the pile. 



5 k3 solution 5 


The stress et any point is obtained by 
integratltig Sqh^ (5,1) , 


z) ~ f + rr 1 X 

Jc 1 L J slTTwH' 


( 1-2/4 

R? 


( l-^^4 

rI 


-3 (z-u) ^ 3(3-4 P-) (z-fa) 


R: 


R: 


6 u 
2 


u + ( 1-2 (z+u) + 


5 z (z+u) ^ 1 


Rf 


du 


. . . (5.2) 


Non-dimensionalising, the final ej<pression is 

^ = iTfClUIT [ .(m-DSj] 

Ltr 

where, = the stress factor 

^1 

m =32 
^1 

/3 = S 

- = (l-2/(.)(l^- I^) - 3 I3- 3 (3-4/2t) I4 

+ (6 I^) +6 (1-2/R) + 30 


# 



2.J = (1-2/-) (J^- J^) - 3 J^- 3 (3-4/^) J 4 

+ 6 J 5 + 6 (1 - 2M) Jg + 30 <?( 

( - 1 ) 


1 r 

I = — - 

1 Il2 


o< 


X. 


/-A 


( '^+ 1) 

X 


X. 


I-, = 


3/S^ 


( .4- 1 ) 


2 “3 
3 


X, 


g\ 


^4-3 fh ^ 


1K+1)=' 0(3 


1- X 


"3 

^3 


fl - 

I4+ 43 i,+ 

1 1' 

r~ 

\ 

4 ^32 2 3 ' 



^ 1 / + 




r 


4 - j 


3 

^2 


1 1 
3 I 
3 j 


^7 " ^71 “ ^72 


I = ± 

71 ^ 


^3 


x: 


+ /£ 
5 


X. 


1 

■3 


x_ 


3 J 





+ ^ 5 - + J54 





I 








» - 2 1 , 1 . 

'^'73 = h 2 


H«rc the s are <3(( / y;3 , m -ihd^ « 

he e'::.'i:c'i; oH thowr on tlf: strer.o Ir.ctor 
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S.4- DISCUSSION OF RESULTS AND CONCLUSION ; 

As ^ increases the stress factor increases 
as seen in Fig, (5.2), , As increases the stress 
factor decreases as seen in Fig, (5,3) . As *m' decreases 
the stress factor decreases but when 'm* = -2,0, the 
stress factor decreases to start with and then shoots 


up as shown in Pig. (5,4) , From the figures (5.2), 
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